I. INTRODUCTION
In this paper I intend to give a summary of work carried out in the last few years on developments of the coupled-cluster formalism, and its application to infinite systems of either bosons or fermions. In particular I shall concentrate wholly on systems interacting via the two-body Coulomb force, and hence mainly, but not entirely, on problems involving the long-range behaviour of many-body systems. Much of this work on the one-component Bose and Fermi plasmas has been carried out in collaboration with K.H. L~hrmann.
COUPLED-CLUSTER FORMALISM
I present first a brief outline of the main elements of the coupled-cluster formalism needed here. A full review of the formalism has recently been given, 1 although this deals almost exclusively with applications in nuclear physics, and hence largely with problems involving short-range correlations, rather than with the longrange correlations of the sort induced by the Coulomb force and which largely concern us here. The interested reader is directed to the article by L~hrmann 2 for a formulation that perhaps best stresses its physical content, and to another article with the present author that sets the formalism firmly in the context of the one-component electron plasma. 
where the operator b t creates a boson in state o, and, more generally, the operao tors b f create bosons in a complete orthonormal s.p. set I~i >.
Alth~ugh it is evidently possible to consider more general s.p. states, it is important for later discussions to realize that for all later results reported, I
deal exclusively with plane-wave s.p. states. Thus I@F > represents the usual filled Fermi sea, and I@B > the usual completely occupied zero-momentum condensate: both isotropic, homogeneous states of zero total momentum. The correlation ooerator S is decomposed into n-body (n s N) components, as example, the 2-and 3-body subsystem amplitudes ~2 and ~3 can Thus, for bosons be expressed as,
in the thermodynamic l i m i t (N ÷ ~; volume ~ + ~, p = N/Q f i n i t e ) , and where S12 3 generates the sum of a l l terms obtained by c y c l i c permutation of the labels ~1, ~2 and ~3-An equivalent physical description of S n ( f o r fermions) is that i t s matrix elements give the exact amplitudes that describe the excitation of n p a r t i c l e -h o l e pairs; where particles and holes refer respectively to states normally unoccupied and normally occupied (in the model wavefunction r~>). For bosons the role of the hole states is played by the condensate. I t seems i n t u i t i v e l y apparent that in order for our ansatz (I) to be useful, the physical system under consideration ought to share at least q u a l i t a t i v e l y the features b u i l t into the model state I~>. More e x p l i c i t l y we expect our choices I~F > and ]~B > to have relevance respectively only to real fermion systems in states where some semblance of the sharp Fermi surface s t i l l remains, and to real Bose systems which contain a f i n i t e fraction of the particles in a zero-momentum condensate. This would seem to rule out from the outset for fermions, for example, an accurate description of "abnormal" or "super" phases, or indeed of anything but the usual " l i q u i d " or "Fermi f l u i d " phase. Later, I give some indication that this i n t u i t i v e feeling may well be false; or at least that the coupled-cluster formalism may be much more powerful than t h i s too pessimistically narrow interpretatioP would seem to allow. .N, to net a set of coupled equations for the elements <|~nl>. F i n a l l y the amplitudes ~n are decomposed in terms of the correlation amplitudes of the S n, which has the effect of eliminating a l l macroscopic terms ( i . e . those, l i k e E, which are proportional to N) from the e s s e n t i a l l y microscopic subsystem equations. This wholly algebraic procedure results in a coupled set of equations for the elements of S n, in which the i t-~h equation for S i is coupled to both Si+ 1 and Si+ 2 (as well as to a l l Sj with j < i ) , for a Hamiltonian H involving two-body potentials only. For the technical details of the derivation the reader is referred to R e f s . [ l -3 ] . Clearly, in order to be useful this exact coupled hierarchy needs to be truncated; and as an obvious i n i t i a l step I discuss the so-called SUBn approximation scheme in which I set S i = 0 for a l l i>n, and the remaining equations are treated as accurately as possible.
I now apply the coupled-cluster formalism to one-component Coulomb systems, stressing mainly the q u a l i t a t i v e nature of the results in order more c l e a r l y to demonstrate the power of the formalism. To t h i s end I spend more time on the mathemat i c a l l y much simpler boson equations, and indicate only more b r i e f l y t h e i r fermion counterparts.
APPLICATION TO ONE-COMPONENT COULOMB SYSTEMS
The Coulomb potential with a uniform, rigid and neutralizing background present is,
The density p may be expressed either in terms of the usual dimensionless coupling constant r s, which is the average interparticle spacing in units of the Bohr radius ao° or in terms of a (for bosons, fictitious) Fermi wavenumber k F applicable to an unpolarized spin-½ system,
Henceforth, the g.So energy per particle is expressed in Rydberg units by
and any dimensionless momentum variables that appear have been scaled against the Fermi momentum ~nk F, defined by Eq.(lO).
3...I Charged ' Bose system
For spin-zero bosons, the e xa.c.t two-body equation for S2(q) ---S2(q,-q) may readily be found by the method sketched in Sect.2:
and where the g.s. energy per particle is given by,
The SUB2 approximation is obtained from Eq.(12) by putting S 3 and S 4 to zero.
The remaining first four terms in Eq.(12) represent respectively (i) the kinetic energy (KE) contribution, (ii) the terms that generate the ring or bubble diagrams of the random-phase approximation (RPA), (iii) the terms that generate the selfconsistent (s.c.) energy insertions on the zero-momentum condensate lines, i.e. the s.c. condensate potential (CP), and (iv) the terms that scatter the two particles outside the condensate and hence generate the two-particle ladder (LAD) diagrams.
Inserting the potential from Eq. 
÷÷÷ for ql+q2+q3 = O, and where the effective s.p. energy is,
and a similar replacement may be made for S 4 by examining the 4-body equation.
Equations (12) and (13) Turning now to the more revealing low-density limit, naively one would not expect the SUB2 approximation to give any reasonable result at all in this strong-coupling regime, since one imagines that the n-body clusters even with n >> 2 are still very important. Indeed one believes the real Coulomb system to undergo a phase transition to a Wigner solid 6 in this limit, and the solid may be regarded as an archetypal system where the N-body correlations dominate. At any rate it is clear that the low-density Coulomb systems provide one of the most stringent tests for our formalism.
It is readily seen from Eqs. (14) and (15) 
i s t r i b u t i o n function w i t h i n the SUB2 approximation gives a p o s i t i v e -d e f i n i t e function at a l l densities only so long
as the LAD term is included.) F i n a l l y I note that although the SUB2 approximation works superbly over the entire density regime for the Bose Coulomb system, the g.so energy is q u a n t i t a t i v e l y unsatisfactory in the low-density l i m i t . I t is clear that higher-order clusters must be incorporated; but due to the r e l a t i v e s i m p l i c i t y of the Bose coupled-cluster equations t h i s is quite practicable, as indeed I have already indicated in the highdensity l i m i t .
Charged Fermi syste m
The SUB2 equations for fermions, although conceptually s i m i l a r to those for bosons, are mathematically vastly more complex due both to the many more terms required by antisymmetrization, and to the state-(ic.e~ momentum-) dependence induced by the hole states inside the Fermi sea in comparison with the unique zero-momentum condensate for bosons. In p a r t i c u l a r for fermions the matrix elements S2(kl,k2;q ) <~I+~,~2-~IS21~I,~2 > depend not only on a momentum transfer ~ as for bosons but also on the two hole momenta E l and ~2" The complete SUB2 equation for charged Fermi systems has been discussed in d e t a i l , 3 and i t is clear that a numerical solution of this non-linear integral equation for a function of three 3-vectors, while perhaps j u s t feasible, is not to be undertaken l i g h t l y~ Accordingly we have again examined various l i m i t s and approximation schemes for handling the coupled-cluster Fermi equa, tions, and I now b r i e f l y report on these.
In the high-density l i m i t , the RPA again gives the leading contribution to the correlation energy, ~c' i . e . the g.s. energy r e l a t i v e to the (uncorrelated) Hartree-Fock energy. In Ref.
[3] the nonlinear integral equation for S 2 in RPA was solved exactly and in some detail, both confirming the well-known results of Gell-Mann and Brueckner, 9 and giving for the first time exact analytic forms for the four-point function S 2 and the once-integrated three-point particle-hole vertex function. The
Tamm-Dancoff approximation (TDA) to the ring summation was also formulated, and the analogous exact solutions in TDA were also presented for the electron gas for the first time.
Turning to the intermediate-coupling (I ~ r s ~ 5) metallic-density regime, we no longer expect the RPA plus second-order exchange to be a good approximation, although it gives the first two terms in the high-density expansion for ~ exactly. Thus, c quite apart from ignoring (a) the simple exchange effects necessary to antisymmetrize RPA, we have ignored even in SUB2 approximation: (b) all of the combined particleparticle and hole-hole ladder terms, some at least of which are important for the correct short-range behaviour; (c) the generalized self-energy correction terms which self-consistently generate both the particle potential and, much more importantly the hole potential (which now for fermions plays the same crucial role as the CP for bosons); (d) classes of higher ring-exchange terms; and (e) a class of additional exchange terms which includes the particle-hole ladder terms° In order systematically to deal with these effects I have proposed and implemented a further approximation that enables us to study these terms much more readily° Based on a comparison with Bose systems, the fermion equations should be much simpler if they could be "state-averaged"; and the basic approximation is thus to average over the initial hole momenta k I and k 2 in÷ +2S (kl,k2;q) but keeping the exact property that final states (~i+~), (k2-q) lie outside the Fermi sea important +÷÷ (i.e~, the Pauli principle is exactly implemented)° In this way the exact S2(kl,k2;q) is replaced by an averaged S2(q), and the resulting coupled-cluster equation considered still then itself has to be state-averaged. Although the procedure for this latter step is not unique, this works to our advantage, for two reasons: (a) the averaging can be made on physically-motivated grounds rather than being imposed arbitrarily; and (b) since we know exact results for S 2 in at least one limit, namely the RPA and TDA results for r s + O, the errors induced by the various averaging schemes can be checked. As an illustration: carrying out the above scheme in RPA leads to an equation for S 2 which involves only KE and RPA terms. After the replacement $2 +~2 has been made the only state-dependence left is in the KE term, Turning finally to the low-density limit, the situation for fermions is much more favourable than for bosons since the Pauli principle very effectively hinders electrons from clustering in groups of more than two, thus forcing the higher correlations to be smaller. Although in the exact Wigner low-density limit the effects of quantum statistics vanish, with the fermion and boson solid both described by the same asymptotic expansion (24) (and the different statistics reflected only in differing terms which vanish exponentially with r s + ~) this is by no means true in our translationallyinvariant CC description. In the case of electron system, exchange terms do not vanish and the convergence of the CC hierarchy is thereby considerably improved from the Bose case. Thus for the analogue of the result (23) for bosons, I find A ~ 1.58
for electrons in a "state-averaged" RPA+HP scheme --which is in much better agreement with the Wigner solid value of 1.79.
FINAL REMARKS
I intend further to explore the low-density regime with the full SUB2 approximation for electrons since it provides a scheme that offers what is essentially the first unified framework in which to calculate at all densities the g.s. properties (at least) of the charged quantum fluids/solids. Although I have stressed only g,s.
energy calculations it is important to realise that recent extensions of the CC formalism permit calculations both of excited states and of the density matrices. For excited states, Emrich has given a very elegant formulation in which he derives a coupled set of eigenvalue equations for the energies and amplitudes of the excitations.
As a first step I have applied this formalism in its lowest level of approximation to the electron plasma as r s + O. As input this requires the exact g.s. (RPA) S 2 already found. 3 To this level of approximation I find the usual plasmon "bound-state" plus the one-particle-one-hole scattering continuum. Of particular interest at the next step will be the usefulness of the excited states to pin down further the lowdensity solid aspects of the g.s. calculations. Thus presumably the real electron system has plasmon excitations (with a finite energy gap at low momenta q) at high densities, and a phonon spectrum (with an acoustic branch linear in q at small q)
characteristic of solids at low densities. It will be of great interest to see whether this behaviour is also seen in our calculations; and, if so, whether it can be used to obtain the critical density.
It is also intended further to examine the one-and two-body density matrices at metallic and low densities, since these can nrovide much more sensitive tests of various theories than the g.s. energy. For example, while the approximation RPA+EX gives quite good values for the g,s. energy at metallic densities, the density matrices can be badly wrong --even giving negative values for the two-body radial distribution function at small separations. All preliminary investigations indicate that the CC calculations also give extremely good Coulomb distribution functions.
Finally, work is also in progress to extend these results to such multi-component plasmas as the hydrogen plasma, simple metals, and the electron-hole droplets observed in various semiconductors (with a particular aim to study the excitonic phase).
